Abstract. In this paper, we determine all modular forms of weights 36 ≤ k ≤ 56, 4 | k, for the full modular group SL 2 (Z) which behave like theta series, i.e., which have in their Fourier expansions, the constant term 1 and all other Fourier coefficients are non-negative rational integers. In fact, we give convex regions in R 3 (resp. in R 4 ) for the cases k = 36, 40 and 44 (resp. for the cases k = 48, 52 and 56). Corresponding to each lattice point in these regions, we get a modular form with the above property. As an application, we determine the possible exceptions of quadratic forms in the respective dimensions.
Introduction
The famous problem of investigating the number of representations of numbers by positive definite integral quadratic forms is dealt with the use of theta series attached to the corresponding quadratic form. This is one of the classical reasons for the study of modular forms. Following the works of Witt and Kneser, M. Ozeki [5] considered the problem of determining all modular forms in M k (1) (which is the space of modular forms of weight k for the modular group SL 2 (Z)) (k = 12, 16) which are theta series associated to positive definite, even, integral quadratic forms of 2k variables of determinant unity. Because of the difficulty in attacking this problem for k ≥ 16 (the cases k = 4, 8, 12 being known already, (see [5] ), Ozeki [5] considered a weakened form of the problem viz., determining all modular forms in M k (1) (k = 12, 16) which behave like theta series (in other words, which have constant term unity and all other Fourier coefficients in their q−expansions are non-negative rational integers).
The results obtained by Ozeki have been extended for the cases k = 20, 24, 28, 32 (up to the case dim M k (1) = 3), using simpler methods, by M. Manickam and B. Ramakrishnan [2, 3] . These results are presented in the appendix.
Though, in principle, the methods used in [2, 3] can be extended to higher dimensional cases, in this paper, we will explicitly solve the problem (getting the convex region determining the modular forms) for the cases dim M k (1) = 4, 5, i.e., for k = 36, 40, 44, 48, 52, 56 using the Simplex method for solving a Linear Programming problem.
We have used Mathematica for our computations. Mathematica is the trade mark of Wolfram Research Inc. We thank Ranjan Srivastava for his help related to Mathematica. We are grateful to the referee for pointing out the applications of our results, which helped us in determining the possible exceptions of integral quadratic forms, on the lines of the work done by A. M. Odlyzko and N. J. A. Sloane [4] . We also thank the referee for his suggestions to include the previous results obtained by M. Manickam and the last author.
Preliminaries
Let k be a natural number. Let us denote by S k (1) the space of cusp forms of weight k for SL 2 (Z). The following modular forms will mainly be used in our discussion. The first one is the normalized Eisenstein series
, with B k being the k−th Bernoulli number. The other modular form is the well-known cusp form of weight 12 defined by
where τ (n) is the Ramanujan's function.
3. The cases k = 36, 40, 44
In these cases dim
Then our problem is to find all φ k (z) satisfying (2).
Letting
where α i,k (n) ∈ Z, 1 ≤ i ≤ 3, n ≥ 1, and B k (n) is defined by
Using the Simplex method for solving a Linear Programming problem, from (2) and (3) we get the following bounds for X k,i ,
where I k,i are given in the table below. (6) Let g k (z) ∈ S k (1) be a normalized Hecke eigenform. Then using the Ramanujan -Petersson estimate proved by Deligne, we have
where
n . Also we know that there exists a basis {g i,k (z)| 1 ≤ i ≤ 3} of S k (1) which are normalized Hecke eigenforms. Now expressing each f i,k (z) as a linear combination of the basis elements g i,k (z) and using (7) we get estimates for the Fourier coefficients a i,k (n) as follows. Using the bounds from the table (6) and the estimates (8), we can prove that a k (n) ≥ 0 for all n except for the following cases: We have thus the following theorem. In these cases, dim M k (1) = 5. The space M k (1) is spanned by E k (z) and f j,k (z), 1 ≤ j ≤ 4, where
be such that
The problem is to find all φ k (z) satisfying (10). Letting a k (j) = X k,j ∈ Z, 1 ≤ j ≤ 4, and proceeding as in §3, we get the following.
The bounds 
Applications
In this section, we use our results of the earlier sections to determine the exceptions of integral quadratic forms following [4] . We use similar notations as in [4] .
Let f n denote an even unimodular positive definite quadratic form of dimension n. We assume that n is divisible by 8. Let T n (which denotes the exceptions for n) be the set of natural numbers a such that some f n does not represent 2a. The theta series of f n is
where the sum extends over all x = (x 1 , x 2 , · · · , x n ). Note that θ(z) ∈ M n/2 (1). Writing
where a n/2 (m) is the number of times f n represents 2m, it is clear that a n/2 (m) ≥ 0 and we have the famous Witt's bound for a n/2 (1), namely,
In each dimension n, there is a unique theta series having the following Fourier expansion
the so-called extremal theta series.
Remark 5.1. Though the cases upto dimension 72 were studied in [4] , we have found a mistake in the example given in the paper [4] for the dimension 72 case. Moreover, the referee has pointed out an improvement in the dimension 56 case of [4] . We take this opportunity to thank the referee of the revised version, who has supplied the proof for the improvement of the dimension 56 case, for pointing out the mistakes in our examples (provided for our cases) given in an earlier version of the manuscript. While correcting our examples we have found another mistake in the example of [4] for the dimension 64 case and it turns out that one can get improvement in the dimension 64 case also. We, thus, consider here the cases from dimension 56 to dimension 112.
Remark 5.2. Note that from our method, we get a modular form in M k (1) corresponding to each lattice point in the region R k (36 ≤ k ≤ 56) which behaves like a theta series. We also note that our method gives the extremal theta series corresponding to the point (0, 0, 0) (resp. (0, 0, 0, 0)) for the case 36 ≤ k ≤ 44 (resp. for the case 48 ≤ k ≤ 56).
Remark 5.3. In the following sections we will be determining the possible exceptions of quadratic forms of the respective variable and we do not know whether examples of quadratic forms with those exceptions exist or not.
5.1. Improvement in 56 dimension. The example given in ([4, p.215]) corresponds to the point (810, 10434006) which is a modular form of weight 28 behaving like theta series (for a proof see the Appendix below). It is interesting to observe that this cannot be a theta series attached to a quadratic form. The proof goes as follows: If a quadratic form represents 2, then it clearly represents 2 2 · 2 = 8. In other words, the corresponding theta series will have the property that its q 4 −th Fourier coefficient is non-zero whenever its q−th Fourier coefficient is non-zero. In this case it has been pointed out in [4] that a 28 (1) = 0 and a 28 (4) = 0 do not intersect at a lattice point. Thus for 4 to be an exception, one should have a 28 (1) = 0, which is impossible as shown above. We, therefore, conclude that
5.2. Improvement in 64 dimension. The point (24672, 338215905) gives the example given in ([4, p.215]) (see Appendix for a proof). Observing the fact that the Fourier coefficients of the theta series (apart from the constant term) attached to a quadratic form are even integers, it will follow that the example cannot be a theta series (the q 2 coefficient is odd) and above all it violates the theta bound, namely, a 32 (1) ≤ 8064. We further observed that a 32 (5) = 0 does not have any lattice point inside the theta region (intersection of R 32 , which is described in the Appendix and a 32 (1) ≤ 8064). Hence, we have
5.3. Dimension 72. We have found that the example given in ([4, p.216]) for the exceptions 4 and 6 is wrong. In our case, the point (43659000, 714910316160, 1962733030283070) will provide the above mentioned example and it turns out that the modular form corresponding to this point has a negative Fourier coefficient (12−th), which implies that the above point lies outside the region R 36 . In fact, we have observed that a 36 (6) = 0 and a 36 (4) = 0 have no intersection within the whole region R 36 . On the other hand, if a 36 (6) = 0, then either a 36 (1) = 0 or a 36 (2) = 0 can happen. The point (0, 36162432, 34721684154) provides an example which corroborates their result that 6 is a possible exception. The example using the above point is as follows: 
Note that the point (0, 36162432, 34721684154) lies inside the intersection of R 36 with a 36 (1) ≤ 10224. The intersection region is given in Theorem 5.1.
Dimension 80.
As mentioned earlier, the point (0, 0, 0) corresponds to the following extremal theta series:
1 + 1250172000 q 4 + 7541401190400 q 5 + 9236514405888000
Considering the faces of the region R 40 , and using the fact that a 40 (1) ≤ 12640, we note that the only planes to be considered are a 40 (1) ≥ 0, a 40 (2) ≥ 0, a 40 (3) ≥ 0, a 40 (5) ≥ 0, a 40 (7) ≥ 0 and the plane a 40 (1) ≤ 12640. Using these planes one gets a bounded region in R 3 (which, of course, is a subset of the region R 40 obtained in Theorem 3.2 which determines the theta series in this case (i.e., for which a 40 (1) ≤ 12640), denoted by Rθ 40 , whose vertices are given in Theorem 5.1.
We also observe that a 40 (7) = 0 does not intersect with Rθ 40 at any lattice point. 
The theta bound is a 44 (1) ≤ 15312. Like in the previous case, the region Rθ 44 , which determines the theta series is obtained by the following planes a 44 (1) ≥ 0, We can now conclude that
In the following theorem, we give the vertices of the theta regions for the above three cases. 
Examining the region R 48 together with the fact that a 48 (1) ≤ 18240, it follows that the only hyperplanes to be considered are a 48 (i) ≥ 0, i = 1, 2, 3, 4, 5, 7, 9, 10. Of these, a 48 (9) = 0 and a 48 (10) = 0 have no integer solutions for which a 48 (1) ≤ 18240 holds. The examples for the exceptions 5 and 7 are given by the points 
1 + 139216 q 2 + 14628704256 q 3 + 2819801455167488 q 5 + 50313952102979520 q
Thus we can conclude that
5.7. Dimension 104. First we will give the extremal theta series corresponding to the point (0, 0, 0, 0) given by 1 + 91508901120 q 5 + 1000989033408000 q 6 + 2598412027506048000 q 7 + · · · .
In this case the intersection of R 52 with a 52 (1) ≤ 21424, which is the theta bound, is given by the hyperplanes a 52 (i) ≥ 0 for i = 1, 2, 3, 4, 6, 8, 11 and a 52 (1) ≤ 21424. It turns out that a 52 (8) = 0 has no integer points within the above intersection. On the other hand, a 52 (6) = 0 and a 52 (11) = 0 meet both a 52 (1) = 0 and a 52 (3) = 0. The points (0, 176, 0, 61392071210) and (0, 10226341170, 0, 3421557772412480) provide the above examples which are given as follows: 
Thus we have established the following
5.8. Dimension 112. In this case the theta bound is a 56 (1) ≤ 24864. The intersection of R 56 with the above theta bound is determined by the hyperplanes a 56 (i) ≥ 0 for i = 1, 2, 3, 4, 7, 9, 13 and a 56 (1) ≤ 24864. Surprisingly a 56 (i) = 0 does not contain any integer solution within the above intersection for i = 7, 9 and 13. However, the extremal theta series corresponding to the point (0, 0, 0, 0) is given by the following 1 + 10888335360 q 5 + 247006775232000 q 6 + 1187911731935232000 q 7 + 1837981772066610324000 q 8 + 1195996575532999166976000
and hence we conclude that
For the cases 48 ≤ k ≤ 56, the intersection of the region R k and the theta bound a k (1) ≤ 4k(2k − 1), which determines the theta series, denoted by Rθ k , is described in the following theorem. In this appendix, we determine exactly the number of modular forms of weight k, (4|k), for the group SL 2 (Z), which behave like theta series for the cases 20 ≤ k ≤ 32.
We will first prove the following main lemma. Set
if k ≡ 10 (mod 12).
Then g(z) = n≥0 b(n)q n ∈ M k (1) such that all the b(n)'s are integers. Clearly, {g, g 1 , · · · , g m−1 } form a basis of M k (1). Now to find the required basis, put
It follows that {f 0 , f 1 , · · · , f m−1 } is the required basis of M k (1). The remaining part of the lemma is now clear since
A.1. The case k = 20. We know that the space M 20 (1) is spanned by E 20 (z) and ∆(z)E 4 (z). Let φ(z) = n≥0 a(n)q n be a modular form in M 20 (1) which has constant term unity and all other Fourier coefficients are integers; i.e., a(0) = 1 and a(1) = X (say) with X(≥ 0) ∈ Z. Then Lemma A.1 implies that all the a(n)'s are integers. a(n) can be written as
where ∆(z)E 4 (z) = n≥1 b(n)q n . Using the Ramanujan-Petersson estimate (proved by Deligne) for b(n) (i.e., |b(n)| ≤ √ 3n 10 ), one can prove from (33) that a(n) ≥ 0 if and only if a(4) ≥ 0 and X ≥ 0. Since a(4) ≥ 0 and X ≥ 0 imply 0 ≤ X ≤ 65686, we have the following: A.2. The cases k = 24, 28, 32. In these cases dim M k (1) = 3. The space M k (1) is spanned by E k (z), ∆(z)E k−12 (z) and ∆ 2 (z)E k−24 (z). Let
Let
Then our problem is to find all φ k (z) satisfying (35).
Since a k (i) = X k,i ∈ Z, 1 ≤ i ≤ 2, and a k (0) = 1, from Lemma A.1 we see that a k (n) ∈ Z for all n ≥ 0. This implies that A k B k (n) ∈ Z.
Using (35) and (36) we get the following bounds for X k,i , Let g k (z) ∈ S k (1) be a normalized Hecke eigenform. Then using the Ramanujan -Petersson estimate proved by Deligne, we have
n . Expressing ∆(z)E k−12 (z) and ∆ 2 (z)E k−24 (z) as a linear combination of the basis elements g i,k (z), 1 ≤ i ≤ 2, which are normalized Hecke eigenforms in S k (1), and using (40) we get estimates for the Fourier coefficients a i,k (n) as follows. The following theorem is obtained using the Simplex method for solving a Linear Programming problem following the present work in the paper. In the above, the vertices are given till 4 places of decimal.
Remark A.1. Noticing that to each lattice point in the region R k one gets a modular form which behaves like a theta series, the number of modular forms in M k (1) which behave like theta series, denoted by N (k), can be obtained and we give below the numbers. 
